Abstract. The biomagnetic inverse problem has captured the interest of both mathematicians and physicists due to its important applications in the medical field. As a result of our experience in analyzing the electrical activity of the gastric smooth muscle, we present here a theoretical model of the magnetic field in the stomach and a computational implementation whereby we demonstrate its realism and usefulness. The computational algorithm developed for this purpose consists of dividing the magnetic field signal input surface into centroid-based grids that allow recursive least-squares approximations to be applied, followed by comparison tests in which the locations of the best-fitting current dipoles are determined. In the second part of the article, we develop a multiple-regression analysis of experimental gastric magnetic data collected using Superconducting QUantum Interference Device (SQUID) magnetometers and successfully processed using our algorithm. As a result of our analysis, we conclude on statistical grounds that it is sufficient to model the electrical activity of the GI tract using only two electric current dipoles in order to account for the magnetic data recorded non-invasively with SQUID magnetometers above the human abdomen.
Introduction
Bioelectric currents in the gastrointestinal (GI) tract have been the focus of active research in recent years due to the demonstrated possibility [3] [4] 19] to detect a number of pathological conditions of the stomach and intestine by performing experimental studies of abnormal bioelectric current propagation, particularly using Superconducting QUantum Interference Device magnetometers (SQUIDs). In the stomach and small bowel, electric currents due to the presence of transmembrane potentials exhibit propagation patterns, which are also present throughout the rest of the GI tract. This phenomenon consists of depolarization and repolarization waves that advance along the corpus of the stomach as a result of the presence of coupled cells in the smooth muscle of the tract. In the case of stomach, this property of gastric tissues allows the organ to behave like an electric syncytium and also gives rise to electric current propagation. The frequency of the gastric electrical activity (GEA) varies greatly depending upon the portion of the tract analyzed, the health state of the organ, and upon other tissue characteristics.
Experimentally, bioelectric currents are ordinarily detected using methods such as the electrogastrogram (EGG). In recent years, however, a number of inherent difficulties of the method-such as the dependence of electric recordings on tissue conductivity-have suggested the use of the magnetogastrogram (MGG) instead, since magnetic fields are dependent on tissue permeability, which is nearly the same as that of free space. Due to the fact that gastric biomagnetic fields are relatively weak-with strengths of the order of 10 −12 T-a highly sensitive measurement apparatus is required for experimental data collection, such as the SQUID biomagnetometer. In order to determine the electric current distribution in the stomach using magnetic field recordings, one must solve the biomagnetic inverse problem, which consists of obtaining either analytical or numerical solutions for the electric potential V and current density J based on measurements of the magnetic field B. Great difficulties can be associated with this because solutions to the inverse problem are not unique; moreover, from a biophysical perspective, only those solutions that have the property of being anatomically relevant are of interest. As we shall explain later, the GEA can be modeled using one or more current dipoles that are assumed to produce the magnetic field recorded by the magnetometer. We believe that this article is the first one to present investigative results concerning the GEA obtained using an inverse biomagnetic method that involves current dipole tracing.
Numerous methods have been designed for solving the inverse problem based on various a priori information concerning the current distribution. Typically, modeling the phenomenon of bioelectric current propagation can be done using the mathematical tools of the quasistatic approximation. In particular, the concept of the electric current dipole has proven to be very effective in describing the physiology of electrically active biological tissues [5, 14, 15, 25] . Very often, one such single dipole is sufficient for capturing the essential characteristics of the current source. For example, this is feasible for the brain [2] , where a single dipole is usually appropriate in many investigations. In the case of GI current propagation, a large number of dipoles are present in the abdomen, and including a priori information can be very difficult. Moreover, because of the size and anatomic configuration of the GI tract, formulating theoretical models involving the propagation of multiple dipoles and predicting relevant information concerning abnormal electrical activity using these models are two goals whose achievement is both necessary and difficult. In the pages that follow, we present a mathematical method for overcoming some of these obstacles, particularly with respect to the issue of modeling GI electrical activity both qualitatively and quantitatively. We then present a numerical algorithm that implements this model using an inverse procedure. Finally, by performing a statistical multiple-regression analysis of GI magnetic field data collected using SQUID magnetometers, the validity of the theoretical assumptions in our model will be considered and directions for further investigation will be discussed.
Theoretical Model
The electric fields of the human GI tract are produced due to the presence of propagating waves that oscillate in a cyclic pattern. Depending on the region of their location along the tract, these waves exhibit various frequencies, i.e. ∼3 cycles min −1 in the stomach and ∼12 cycles min −1 in the proximal duodenum [1] , for example. Due to the anatomical structure of these two organs, the propagation of electric currents can be modeled as a circular isopotential loop of current dipoles. By taking advantage of the nature of the GI tract, one can express this potential in two dimensions as a function of position r and time t in the form
where we employ cylindrical coordinates denoted by ρ, θ and multiply the unit step function u s at the leading edge λ of the ring by the waveform V α of the membrane potential. Of great importance here is the relationship between the potential inside the muscle cell-V c (r, t)-and the potential of the (extracellular) membrane V α defined above, which can be expressed through the formula
where r i and r o are the resistivities of the cell interior and exterior, respectively. Ohm's law can be employed to obtain the intracellular current as
This expression implies that gastric current propagation can be modeled as a ring of leading edge depolarization dipoles. In addition to presuming that the stomach is essentially a homogeneous organ located inside the abdomen, the assumption of a bounded medium can also be made. To obtain an analytical expression for the magnetic field given these two characteristics, a well-chosen form of the BiotSavart law can be used. Since the theoretical background concerning this aspect of the problem has already been extensively discussed elsewhere [9] [10] [11] 23] , we briefly summarize here the mathematical model and physical assumptions behind our inverse method for describing GI B fields. Letting γ represent the domain of integration over a region of the body, a current dipole defined as
allows the law of Biot and Savart to be written in the computationally advantageous form
where the current dipole is a good approximation of the magnetic field source. This formula is beneficial both analytically and computationally, because it allows us to redefine the inverse biomagnetic problem in terms of identifying the location and orientation of the current dipole Q given by the so-called elemental dipoles Q x , Q y , and Q z :
This linear model can be useful especially from a computational perspective. Returning to the task of solving the biomagnetic inverse problem using the formalism developed thus far, it can be shown that the gastrointestinal isopotential ring of depolarization/repolarization dipoles can be well approximated by a single dipole located in the plane of the ring within the cylinder, conoid or ellipsoid used to model the GI tract. By making use of the Biot-Savart law, the vector components of the magnetic field outside the body can be evaluated using the current dipole expression (10) As it has already been stated, one important difficulty related to the biomagnetic inverse problem is that its solutions are not unique. For example, if we wished to use the expressions above to form a system of simultaneous linear equations
we would immediately notice that there are an infinite number of solutions due to the fact that a parameter must be specified in order to solve it. We must therefore find another way to determine the orientation of the current dipole based on the information specified by the magnetic field recordings. The technique employed here is to perform a least-squares approximation of the vector components of Q so that the squared differences between the recorded and computed values of the magnetic field are minimized. Before this is done, we shall assume that the magnetic field recorded experimentally is due to two dipoles, one located in the stomach ( Q) and another one in the intestine ( Q). This two-dipole model is obviously better than a single-dipole model both anatomically and statistically because more sources of current are accounted for in the simulation. However, for the purpose of demonstrating the necessity of using two dipoles instead of one for modeling GI electrical activity, we will also present the results of our regression analysis for a single dipole model. As it will be shown in the second part of this article using a statistical analysis of experimental data, a model involving two dipoles is indeed necessary. Explaining abdominal magnetic field recordings using one dipole for the stomach and another for the intestine is the simplest way to account for the recorded magnetic fields and also offers an excellent motivation to continue our study of GI biomagnetism based on this model. In the pages that follow, the mathematical formalism that is developed refers to the two-dipole model only, as the latter is a natural extension of the simpler regression model involving a single dipole. Although a two-dipole model cannot be justified physiologically due to the very large number of current sources present in the human abdomen, our present article constitutes the first attempt to study the GEA from inverse solutions of the magnetic field using more than one dipole.
Computational Procedure
To obtain solutions to the inverse problem of biomagnetism using experimentally measured B fields, we have developed a computational procedure particularly suitable to the anatomy of the stomach as well as to our data acquisition methods. The area corresponding to the co-planar input channels of the magnetometer can be divided into an α × β grid, where α and β should be chosen according to the spatial resolution desired. In accordance with vector addition rules, the total magnetic field recorded is the sum of the magnetic fields due to the individual n dipoles assumed in the model (two in our simplified case):
where B is the magnetic field due to the gastric dipole and B is due to the intestinal dipole. From this point forward, it shall be assumed thatB refers to the magnetic field value measured experimentally. For the two-dipole model, the sum of values to be minimized over the entire input grid thus becomes
where double summation is performed over the entire set of grid nodes. To identify the best-fitting orientation of each current dipole, partial differentiation of the magnetic field expression must be performed with respect to each of the dipole vector components. Minimization of the vector component of B in theî direction thus yields
After inserting the expressions for B x into the equalities above and multiplying out the terms, the set of simultaneous linear equations to be solved is obtained:
where η ≡ µ 0 (4π) −1 . Equations (18)- (21) form what is typically called the normal set of equations for the regression model. If the expressions above are carefully ordered, it becomes evident that the system can be expressed as the product of several matrices. For convenience of notation, let us define the double summation symbol ξ αβ over a two-dimensional grid such that
where we assume that α and β have the same meaning as explained above. Solving the system of equations then becomes equivalent to the process of finding solutions to the matrix equation
in which
where B zi j ≡B z (x, y)| i j , i.e. the value of B z evaluated at the grid node denoted by subscripts i and j. Notice that all entries in the matrices (25), (26) and (28) are summations of the respective terms over the entire grid that extends from 1 to α and from 1 to β in two-dimensional space. The column vector B corresponds to the observations and Q to the parameters to be estimated. By reducing this matrix that defines the system of equations to row echelon form, the best fitting orientation of the current dipole is identified. Due to the presence of r i j − r −3 and r i j − r −3 in the systems of equations above in A and W, this can be considered to be a thirdorder linear model involving a reciprocal and square-root transformation of the independent variables [6, 24] due to the fact that, in Cartesian coordinates,
The mathematical formalism developed thus far will now be used to construct a method that identifies the location of the current dipole with sufficient spatial resolution. Before this is done let us define the co-planar nodes of the input grid matrices G x , G y and G z, where magnetic field values are sampled as
If symmetry is assumed with respect to one of the axes-the x i axis in a generalized notation-then the grid can be conveniently split into two subdivisions of equal area. In the GI biomagnetic model, the upper subdivision can be assumed to represent a region above the stomach while the lower one corresponds to an area above the small intestine. The possible locations of the gastric and intestinal dipoles can therefore be searched within the corresponding subdivision. In the case of a single dipole model, the entire grid is scanned. By dividing each of the gastric and intestinal grids into smaller ones, the location of the two dipoles can be identified by performing the least squares approximation described above in a combinatorial fashion for all possible dipoles, which are assumed to be located at the centroids of these sub-grids. After the best-fitting combination of sub-grids is identified, the process can be continued by dividing the grid until smaller divisions are no longer available, i.e. the best-fitting node has been identified.
In order to construct formalism for identifying the best-fitting current dipole positions among any possible locations on the grid, let the partition mapping function be defined recursively as
where ς 1 = 2 and the values of ς 2 , ς 3 , . . . , ς are to be chosen depending on the size and configuration of this two-dimensional matrix. In other words, defines how the two-dimensional matrix is to be partitioned, where the total number of partitions depends on the level of resolution desired in the iterative process. The variable denotes the level of recursive division, i.e. how many times the original grid has been divided, while the coefficients ς 1 , ς 2 , ς 3 , . . . , ς denote the number of subdivisions for each subgrid at that level. The interval in which the values of are defined ranges from 1 (in which case the grid is divided in only two sectors) to an integer λ which is dependent of how ς 2 , ς 3 , . . . , ς are selected. The total number of subdivisions, however, may not exceed the total number of grid nodes. If one lets p denote the number of nodes in the grid, this implies that the condition
must apply to the partition function. The process of identifying the locations on the grid for the assumed positions of gastric and intestinal dipoles during the leastsquares approximation procedure must involve a rigorous analysis because the spatial resolution of the algorithm is dependent on this aspect of the method. For each of the subgrids, the expected position of the current dipole corresponds to the centroid of that sub-grid, if the assumption is made that the dipole is located in it. Therefore, for each subgrid, the expected position of the dipole must be computed. For example, this is done for a circle by applying standard center-of-mass formulas [13] and performing integration with respect to the two variables x and y for the n-th region bound by subgrid subscripts a n and b n in the x-y plane, i.e.
and
b n a n
where a n and b n represent the x-coordinate extremities of the n-th subgrid within the circle. This ensures that the most likely position is assumed for the dipole in the absence of a priori information. At the ( + 1)-th recursion level, the corresponding centroids of the smaller grid segments must also be computed in a similar fashion. If there is no anatomical information concerning the region of current propagation, the random variable denoting the true position of the dipole can be thought to obey a continuous uniform distribution such that
where a, b, c and d refer to the world-coordinate extremities of the subgrid in the x and y directions, such that the dipole is equally likely to be located anywhere on it. To identify the best-fitting location numerically with an arbitrary degree of precision, the number of grid nodes should be allowed to increase by virtue of the fact that lim α→∞ β→∞
where (x i , y j ) denote the coordinates of the grid node closest to the true dipole at (x, y).This implies that the distance from the true location (x, y) of the dipole to the nearest grid node (x i , y j ) should be equal to or less than a chosen value ε. As the number of nodes increases, the discrete uniform distribution of the possible dipole location can be used more and more successfully to model the continuous uniform distribution of the true position.
The mathematical procedure described above can be used to identify one current dipole in a given axisymmetric grid. In order to extend this method to the case in which one gastric and one intestinal dipole must be identified simultaneously, it suffices to perform a combinatorial scan in which all the possible combinations of sub-grid centroids in the upper and lower portions of the original grid must be examined. The total number of least squares approximations δ that must be performed in this case is equal to the product of the number of locations to be considered in the upper and lower portions of the grid. Since the grid is assumed to be symmetric with respect to one of the axes, this implies that
which implies that the manner in which the grid is partitioned has a great influence upon the number of computations to be performed. If division is performed such that
and the number of least-squares approximations as a function of grid dimensions behaves logarithmically:
where Big-Oh notation is used to express the rate of growth for δ. This detail is of great importance because it implies that the dipole identification algorithm described above can be efficient even for very dense grids if ς 1 , ς 2 , ς 3 , . . . , ς are well chosen. The main disadvantage of dividing the grid using a logarithmicallyincreasing algorithm is that spatial resolution may be compromised if this is not done carefully. In a majority of cases related to GI research, the uniform distribution of sources is only a convenient assumption, especially in the case of the gastric dipole. Grid division must therefore be performed so that a sufficiently spread out section of the grid is scanned before identifying the best-fitting dipoles. On the other hand, scanning the grid at a large number of positions produces a tremendous increase in the time needed by the algorithm to complete its task. The optimization problem that is apparent here should be solved based on case-specific information such as the real-life size of the input grid and possible reasons for omitting certain grid sectors from the scan.
Results
In order to determine the proportion of total variation about the mean B z explained by the regression model adopted in light of the known characteristics of the GI electric current propagation mechanism, we performed an analysis based on experimental data consisting of magnetic field values sampled from a healthy human stomach at a frequency of 200 Hz using the SQUID biomagnetometer (Tristan Technologies, Inc., San Diego, CA) in the Biomagnetism Laboratory at Vanderbilt University. In our experiment, the human subject was placed in supine position with the abdomen immediately below the input coils of the magnetometer.
In our undertaking, a modified form of the coefficient for multiple determinatioñ R 2 was computed according to the formula for the single dipole model
for the two dipole model. As one can notice, the total magnetic field formula above does not have a zero-order term. This is because a bandpass, second-order digital Butterworth filter was employed to isolate the signal of interest and noise was thus assumed to have been eliminated. For the stomach, the passband used was
where ω is the frequency of the signal. Applying the Butterworth filter motivated us to assume that contributions to B measurements due to the electrical activity of other organs, such as the brain and heart, had also been eliminated from our analysis because the signal due to these organs is characterized by a different range of frequencies. The spatial arrangement of the co-planar magnetometer input channels corresponds to the locations in space where B values were recorded. These positions were modeled to lie in the plane z = 0 (m), directly above the abdominal region of the stomach. The volume under the upper section of the input grid determined by the SQUID input channels was assumed to contain the gastric current dipole while the one under the lower section was examined to identify a intestinal dipole. After applying the inverse problem algorithm, a statistical analysis was performed to determine the goodness of fit and thus test the appropriateness of the theoretical model developed. This was also done for the single dipole to determine which of the two models was simplest and most appropriate.
The experimental data sets selected for this statistical study consisted of magnetic field recordings taken at 200 Hz, spanning a total of two minutes of gastrointestinal electrical activity. As results suggest, the theoretical two-dipole model proposed does account for a significant proportion of the experimental data recorded. To quantify this statistically, a data analysis summary is provided in Table I , where one can notice that 50% of allR 2 values fall within (0.8720, 0.9731) for the first oneminute time interval of data sampling and within (0.6595, 0.9241) for the second. Comparatively, the interquartile ranges for the value ofR 2 using the one-dipole model were found to be (0.6800, 0.7912) and (0.7418, 0.7869) for the two time intervals, respectively. Thus, as one can conclude, adding one dipole to the model produces the better approximation, as expected. Moreover, as the statistical figures presented above imply, the intestinal dipole is only responsible for a much smaller amount of the magnetic field values recorded as compared to the gastric dipole. This is also in agreement with the known characteristics of gastric and intestinal electrical activity. The results obtained are particularly encouraging in light of the Table I Table II . Sample deciles forR 2 computed for the reconstructed biomagnetic data using the single-dipole model (a) and the two-dipole model (b). Notice that the value of the 10th quantiles of the distribution are slightly higher than the means, which is due to the presence of outliers in the left tail for both time intervals of the sample Table II , where one can see that the 10th and 20th deciles occur at sufficiently high values ofR 2 to conclude that the theoretical model is quite accurate in explaining the biomagnetic field activity in the GI tract.
As far as the single-dipole model is concerned, Table II (b) suggests that the value ofR 2 is low for a much larger number of time frames taken into consideration. For example, less than 10% ofR 2 values are under 0.7 for the two-dipole model while over 25% of them are less than 0.7 for the single dipole case. Finally, the probability histograms for the empirical distributions ofR 2 referring to the experimental data set including both time samples are depicted in Figure 1 (a) and (b) . In these two cases also, one can see that the theoretical model developed is quite successful in describing the biomagnetic physiology of the stomach and small intestine. This figure is also suitable for performing a visual comparison of the effect of adding a second current dipole in the theoretical model. In addition to theR 2 analysis, the distribution of the sample error mean square for the two models was plotted and found to display the skewness characteristics found in lognormal, χ 2 , or F-distributions, as shown in Figure 2 . This was also the case in the one-dipole model, as expectable. For example, the standard error involved in the regression of the ith parameter was found from
where, according to standard regression analysis theory, M ii is the element on the diagonal of the 4 × 4 matrix corresponding to the ith parameter. Displayed in Table III is the significance of the estimated terms Q x , Q y , Q x and Q y , which was found to be very large based on the ratio of the estimated parameters to their standard error.
Discussion
Modeling the GEA with accuracy and realism is an interesting theoretical and computational problem. Although a number of models have been proposed [7-18 20-22, 25] to simulate this phenomenon since the time when it was first detected by Alvarez [1] , it can be difficult to ascertain which of them captures the characteristics of gastric activity most vividly. For example, coupled relaxation oscillator models [20] [21] [22] are also suitable for studying the time evolution of smooth muscle propagation, while dipole models are more appropriate for the investigation of electrical source uncoupling. In the past, modeling the GEA using electric current dipoles led to two important predictions, namely that the natural electrical control activity (ECA) frequency gradient may be detected noninvasively using magnetomers and also that ECA propagation in gastric musculature results in propagating patterns of magnetic fields [3, 4] . Nevertheless, the present study is the first one to statistically compare GI models in terms of the number of dipoles used. Moreover, it is the first one to allow a direct assessment of which GI electric sources are most important statistically. Investigating the GEA from magnetic field recordings is encouraging due to the finding that, although magnetic field strengths decrease rapidly with distance from their sources, they do reveal the characteristics of these sources in a more accurate manner [3, 4] . In the case of magnetic fields originating in the brain and heart, the use of onedipole models is sufficient due to the fact that detectors are located in the far field of compact sources of current. In GI investigations, however, where B fields are recorded in regions where more than one such source is present, it is difficult to determine the optimal model to be employed for best characterizing the electrical activity of the studied organs. Moreover, due to the complexity of the GI tract, it is necessary to find an accurate measure of a model's realism that would allow for its straightforward evaluation in terms of realism and usefulness. Due to the complex nature of the GI biomagnetic problem, it is essential to determine the extent to which a theoretical dipole model can be simplified without loss of realism and generality. Our study is thus meant to clarify these important issues and answer the relevant questions raised above. In a previous study [3, 4] , gastric and intestinal magnetic fields were modeled using a spatio-temporal simulation in which 176 dipoles distributed along the GI tract were considered. Although this approach proved useful for demonstrating that diseased states of the stomach and small bowel could be detected from magnetic field measurements using SQUID magnetometers, a realistic experimental analysis was also necessary to determine the simplest and best model that could be used in the analysis of similar data acquired from humans. Moreover, in spite of our ability to identify ECA propagation using this simulation, the complexity of the 176-dipole model made it difficult to isolate and study simulated magnetic field sources from inverse solutions. This particular aspect of the investigation is quite important due to the potential ability to determine regions of anomalous current propagation noninvasively.
The most important feature of our present model and statistical analysis is its attempt to overcome the difficulties presented above and offer a qualitative and quantitative estimate of the optimal theoretical and computational model to be used in clinical studies in which the GEA is investigated from magnetometer recordings. Our finding that the magnetic field signal attributed to one gastric current dipole accounts for more than half of the experimental B data recorded with a magnetometer is consistent with previous experimental and simulation results [3, 4] , in that the magnetic field signal of the stomach is expected to be far stronger than the signal of the small bowel. Furthermore, our statistical results in support of choosing a two-dipole model for the entire tract constitutes a great simplification over the previous use of 176 dipoles and also enables one to contemplate investigations of the electromagnetic phenomena in these organs in a more straightforward fashion. The progress in studying the GEA from B field measurements reported in this article is relevant particularly because standard imaging techniques such as SPECT or PET are unable to convey information concerning the time evolution of electrical activity in the human abdomen.
Conclusions and Further Research
The task of identifying sources of electric current in the gastrointestinal tract can be important in the attempt to identify pathological conditions in humans at early stages. The theoretical and computational model that has been developed is promising from a computational perspective due to the straightforward approach taken in modeling the current sources and solving the inverse biomagnetic problem. The statistical analysis that has been performed shows that a twodipole model is quite successful for modeling gastrointestinal electrical activity. An important addition to the model that indicates an interesting direction of investigation consists of allowing the depth of the current dipoles to vary, thus adding one extra degree of freedom to the mathematical model developed. Such a research effort may yield interesting results concerning the distribution of electric dipoles in those portions of the stomach that are more difficult to investigate noninvasively due to the inability of most instrumentation to distinguish the desired signal from biological noise. Since the differences in dipole locations and strengths between normal and pathological conditions are still unknown (October 2003), an important future application of our model can include a study of this important issue.
